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QUASILINEAR THEORY OF PLASMA OSCILLATIONS' 

A. A. Vendenov, Y e .  P. Velikhov and R. 2. Sagdeyev (- 

A method of i n v e s t i g a t i n g  non-equilibrium processes  i n  
systems wi th  c o l l e c t i v e  degrees of freedom i s  developed. This  
method allows s ta tes  of non-equilibrium wi th  s t r o n g l y  e x c i t e d  
(suprathermal)  o s c i l l a t i o n s  t o  b e  s tud ied .  

A s  appl ied  t o  plasma, t h i s  method i s  as fol lows:  when 
t h e  non-equilibrium processes are examined, allowance i s  made 
f o r  t h e  in f luence  of a s e l f - c o n s i s t e n t  o s c i l l a t o r y  f i e l d  on 
t h e  p a r t i c l e  d i s t r i b u t i o n  funct ion.  
appears as a sum of slowly and r a p i d l y  vary ing  terms. I n  t h e  
equat ion  f o r  t h e  'lslow" d i s t r i b u t i o n  func t ion  f 
mean e f f e c t  of t he  o s c i l l a t i o n s  i s  taken  i n t o  cons idera t ion .  

The d i s t r i b u t i o n  func t ion  

t h e  q u a d r a t i c  
0' 

The q u a s i l i n e a r  method is used f o r  t h e  s tudy  of the prob- 
l e m  of t h e  absorp t ion  of t he  energy of f in i te -ampl i tude  waves 
i n  a r a r e f i e d  plasma. It i s  shown t h a t ,  f o r  suprathermal  os- 
c i l l a t i o n s ,  damping i s  considerably less than  t h a t  ob ta ined  
from t h e  ord inary  l i n e a r  theory,  t h e  magnitudes of t h e  damping 
decrement being i n  inve r se  propor t ion  t o  t h e  energy dens i ty  E 

of t h e  waves. The expression f o r  t h e  damping decrement y ,  v a l i d  
when E <<. kT, i s  of t h e  form 

1' 
where A 'L 1, ND is t h e  number of p a r t i c l e s  i n  a sphere  wi th  

a r ad ius  equal  t o  t h e  Debye r a d i u s ,  and y is  t h e  decrement 

given by l i n e a r  theory.  

0 

The above formula f o r  damping i s  app l i cab le  only i n  casps 
where t h e  wave packet is s u f f i c i e n t l y  "wide": Av > (e$,/m)' 

(where Av i s  t h e  spread of wave v e l o c i t i e s  i n  t h e  packet  
and (90 is  t h e  amplitude of t h e  p o t e n t i a l ) .  

(9 

(9 I n  t h e  con t r a ry  
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l i m i t i n g  case of a monochromatic wave t h e  "damping decrement" 

depends on t h e  amplitude as E - ~ / ~ .  

f o r  i n s t a n c e ,  when o s c i l l a t i o n s  are damped w i t h i n  a shock 
wave f r o n t  i n  a r a r e f i e d  plasma wi th  no magnetic f i e l d  p re sen t .  
The r e s u l t s  obtained are discussed i n  connect ion wi th  diag- 
n o s t i c  problems and i n  connection wi th  t h e  problem of high- 
frequency hea t ing  of a plasma. 

Such dependence occurs ,  

O s c i l l a t i o n  processes  i n  uns t ab le  plasmas n o t  t oo  f a r  
away from t h e  boundary of s t a b i l i t y  are i n v e s t i g a t e d .  The 
s t a t i o n a r y  n o i s e  spectrum i n  a plasma ca r ry ing  an  e lec t r ic  
c u r r e n t  under condi t ions  of i o n  e l e c t r o s t a t i c  i n s t a b i l i t y  is  
found f o r  purposes of i l l u s t r a t i o n .  The ampli tude of t h e  
s t a t i o n a r y  o s c i l l a t i o n s  is determined. In cases when t h e  
plasma is  s i t u a t e d  i n  a s t r o n g  magnetic f i e l d  and t h e  cu r ren t  
f lows i n  t h e  d i r e c t i o n  of t h a t  f i e l d ,  t h e  shape of t h e  o s c i l -  

l a t i o n  spectrum is  given by t h e  express ion  Ek % x 3 ( l -x  2 ) 3/2 , 

where Ek is t h e  s p e c t r a l  dens i ty ,  x = wk/ks, s2 = T,/M. 

The limits of a p p l i c a b i l i t y  of t h e  q u a s i l i n e a r  theory  
jus t  developed, the nonl inear  e f f e c t s  of wave i n t e r a c t i o n ,  
and t h e  ques t ion  of t r a n s i t i o n  t o  " turbulen t"  condi t ions  are 
discussed.  

1. In t roduc t ion  

Among t h e  most s a l i e n t  f e a t u r e s  of plasmas are t h e  seven branches of t h e i r  

o s c i l l a t i o n  spectrum which are usua l ly  e x c i t e d  f a r  above t h e  equi l ibr ium the r -  

m a l  level. 

A t  t h e  p re sen t  t i m e ,  it is only t h e  theory of s m a l l  plasma o s c i l l a t i o n s ,  

based on l i n e a r i z e d  equat ions ,  which has  undergone any degree of e l abora t ion .  
. 

This theo ry  permi ts  one t o  f i n d  t h e  d i spe r s ion  p r o p e r t i e s  of a plasma f o r  

v a r i o u s  types of o s c i l l a t i o n s  and the  condi t ions  under which t h e  l a t te r  in-  

crease spontaneously ( i . e . ,  t h e  i n s t a b i l i t i e s  of t h e  p l a s m ) .  What i t  cannot 

do, however, is g ive  t h e  amplitude a t t a i n e d  by t h e  o s c i l l a t i o n s  and i n d i c a t e  

how they  a f f e c t  t r a n s f e r  processes  i n  t h e  plasma, a most important matter which 

arises i n  dea l ing  wi th  t h e  problem of magnetic thermal i n s u l a t i o n  of plasmas. 
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Nonlinear plasma motions, on t h e  o t h e r  hand, have only been s t u d i e d  f o r  

s e v e r a l  s p e c i a l  cases and under c e r t a i n  s impl i fy ing  assumptions.  

is  t h a t  of s teady  p lane  waves, when t h e  on ly  remaining dependence i s  on a sin- 

g l e  space  coord ina te .  These p a r t i c u l a r  s o l u t i o n s  nonethe less  show t h a t  even 

wi th  s m a l l  b u t  f i n i t e  amplitudes e f f e c t s  proceed n o t  as p red ic t ed  by t h e  l i n e -  

a r i z e d  theory.  This  a p p l i e s ,  f o r  example, t o  Landau damping, which fo l lows  

from t h e  l i n e a r i z e d  theory b u t  ac tua l ly  is  no t  involved i n  t h e  non l inea r  con- 

s i d e r a t i o n  of s t eady  waves i n  a c o l l i s i o n l e s s  plasma. A s  w e  know, t h e  reason  

f o r  t h i s  is  as fol lows:  t h e  p a r t i c l e s  r e s p o n s i b l e  f o r  t h e  absorp t ion  of waves 

i n  a plasma are p a r t i c l e s  ( i o n s ,  e l ec t rons )  which are i n  resonance wi th  t h e  

wave; even wi th  s m a l l  ampli tudes t h e  d i s t r i b u t i o n  becomes s e v e r l y  d i s t o r t e d  

w i t h  t i m e  due t o  t h e  r e a c t i o n  of the wave f i e l d  -- something n o t  taken in- 

t o  account  by t h e  l i n e a r  theory.  It is clear, moreover, t h a t  t h e  r e a c t i o n  

e f f e c t  p l a y s  an equa l ly  important ro l e  i n  t h e  bui ldup  of o s c i l l a t i o n s  i n  an un- 

s t a b l e  plasma. 

One such case 

/ 4 6 6  

~ 

2. General  Formalism of t h e  Q u a s i l i n e a r  Theory 

Thus, t h e  d e s c r i p t i o n  of phenomena wi th  s m a l l  b u t  f i n i t e  amplitudes re- 

q u i r e s  cons ide ra t ion  of t h e  e f f e c t  of o s c i l l a t i o n  r e a c t i o n  on t h e  d i s t r i b u t i o n  

of p a r t i c l e s  i n  t h e  v e l o c i t y  space.  

Such cons ide ra t ion  can be e f fec ted  w i t h i n  t h e  framework of t h e  "quasi- 

l i n e a r "  theory  which is  t h e  s u b j e c t  of t h i s  paper.  I n  t h e  q u a s i l i n e a r  approxi- 

mation t h e  p a r t i c l e  v e l o c i t y  d i s t r i b u t i o n  func t ion  is  represented  as t h e  sum of 

two terms: t h e  s lowly vary ing  term f, (v, - t) (which w e  c a l l  t h e  "background") 

and t h e  r a p i d l y  vary ing  term f l  (v, - t). '  The slow v a r i a t i o n  of t h e  "background" 

'In t h e  l i n e a r  theory f o  is considered t o  b e  a g iven  func t ion .  
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as a r e s u l t  of t h e  e f f e c t  of o s c i l l a t i o n  r e a c t i o n  on t h e  p a r t i c l e s  is  brought 

about by t h e  mean square  e f f e c t s  of small r a p i d  o s c i l l a t i o n s .  

we  have h e r e  an analogy wi th  t h e  f a m i l i a r  Van d e r  Po l  method of n o n l i n e a r  

mechanics. 

I n  t h i s  s e n s e  

It is important  t o  n o t e  t h a t  t h e  q u a s i l i n e a r  approximation does no t  t a k e  

i n t o  account i n t e r a c t i o n  between t h e  va r ious  "harmonics" and "modes". For t h i s  

reason, t h e  energy ba lance  i n  t h e  k-th harmonic of t h e  o s c i l l a t i o n s  (k i s  t h e  - - 
wave v e c t o r )  is  determined, as i n  l i n e a r  theory ,  by t h e  equat ion  dek/d t  = 2y. 

(fojEky where y i s  t h e  imaginary component of t h e  frequency and is  a f u n c t i o n a l  

of t h e  "background" fo .  

As a very s imple i l l u s t r a t i o n  l e t  u s  d e r i v e  t h e  q u a s i l i n e a r - t h e o r e t i c a l  

equat ion  f o r  t h e  l o n g i t u d i n a l  Langmuir e l e c t r o n  o s c i l l a t i o n s  of a r a r e f i e d ,  

completely ion ized  high-temperature plasma. As we know, t h e  p rocesses  i n  such 

a plasma can be descr ibed  by means of a k i n e t i c  equat ion  wi th  t h e  se l f - cons i s -  
~ 

t e n t  f i e l d  E ,  t h e  e f f e c t s  of c o l l i s i o n s  between p a a r t i c l e s  being neg lec t ed ,  

ai ai ai = o  - + 0- + -- at az m av 

= 4ziVe(j)dv-l). 

II 

Separa t ing  t h e  d i S t r i b u t i o n  func t ion  i n t o  i t s  s lowly and r a p i d l y  vary ing  

terms , 

f = f o  + f l ,  
(hence, t h e  average va lue  of t h e  r a p i d l y  o s c i l l a t i n g  term i s  equal  t o  ze ro ,  a$ = 0, s o  t h a t  (f} = f,), and s e t t i n g  

. -  

f = i e  + f a ,  

4 
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w e  equate  t h e  o s c i l l a t i n g  terms i n  the  r i g h t  and l e f t  s i d e s  of (1) t o  o b t a i n  a 

r e l a t i o n s h i p  between f l  and E ,  

and t h e  u s u a l  express ions  f o r  t h e  real  and imaginary p a r t s  of uk which fo l low 

from t h e  l i n e a r  theory ,  

~ 

, The equat ion  f o r  t h e  s lowly  varying term f o  of t h e  d i s t r i b u t i o n  f u n c t i o n  

is obta ined  by s u b s t i t u t i n g  expression (2) f o r  E and fl  i n t o  (la) and averaging ,  

The fol lowing important  p o i n t  must  be  made i n  connect ion wi th  t h e  d iscus-  

s i o n  t o  fol low: 

waves w i t h  d i f f e r e n t  wave vec to r s  and c h a o t i c a l l y  d i s t r i b u t e d  phases;  t hus ,  w e  

w i l l  b e  cons ider ing  wave packe t s  of such width t h a t  i t  w i l l  b e  p o s s i b l e  t o  

w e  w i l l  assume t h a t  t h e  plasma s imultaneously conta ins  many 

n e g l e c t  t h e  cap tu re  of p a r t i c l e s  by the  " p o t e n t i a l  w e l l s "  of i n d i v i d u a l  packet  

harmonics. I n  t h e  case of l ong i tud ina l  Langmuir o s c i l l a t i o n s  w e  are p r e s e n t l y  

cons ider ing ,  t h i s  r e q u i r e s  t h a t  the spread of t h e  phase v e l o c i t i e s  w/k of t h e  

waves i n  t h e  packet  exceed s u b s t a n t i a l l y  t h e  v e l o c i t y  e+, wi th  which a wave- 

captured  p a r t i c l e  would move i n  t h e  " p o t e n t i a l  w e l l ' ' ,  

5 
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I f  condi t ion  

p a r t i c l e s ,  w e  can  

geneous i n  space ,  

( 6 )  

( 6 )  is  f u l f i l l e d  with t h e  r e s u l t  t h a t  t h e r e  are no captured  

assume t h e  mean d i s t r i b u t i o n  f u n c t i o n  (f} = f o  t o  be  homo- 

so t h a t  a(f)/ax = 0. Reca l l ing  t h a t  (Efo) = (E)fo = 0, w e  

o b t a i n  from (5) t h e  fol lowing equat ion f o r  t h e  "background" fo:  

where t h e  " c o e f f i c i e n t  of d i f f u s i o n  i n  t h e  v e l o c i t y  space" D i s  p r o p o r t i o n a l  t o  

t h e  square  of t h e  e l e c t r i c  f i e l d  of the waves, 

On t h e  o t h e r  hand, t h e  ra te  of change of t h e  wave energy i n  t h e  s p e c t r a l  

i n t e r v a l  (k, k + dk) is given by formula (4b) ,  which i n  t h e  case of long-wave 

(kRD <<I) Langmuir e l e c t r o n  o s c i l l a t i o n s  i s  of t h e  form /467  1 

where F(v)( ) = Ifo dv is  t h e  d i s t r i b u t i o n  of t h e  e l e c t r o n s  over v e l o c i t i e s  1. 
p a r a l l e l  t o  t h e  d i r e c t i o n  of wave propagation. The system of equat ions  (7), 

( 8 ) ,  (9)  of t h e  q u a s i l i n e a r  theory i s  a c losed  one; i t  desc r ibes  t h e  reverse 

e f f e c t  of t h e  Langmuir o s c i l l a t i o n s  on t h e  p a r t i c l e  d i s t r i b u t i o n  func t ion .  

should b e  noted from t h e  start  t h a t  an equat ion  of t he  type  (7) may be  meaning- 

It 

'When kRD <<1, w : ilk = [ w e 2  + 3(T/m)k2]1/2, we2 = 4nNe2/m. 

6 



f u l l y  considered only i f  t h e  amplitude of t h e  o s c i l l a t i o n s  is cons iderably  lar- 

ge r  than  t h e  amplitude of thermal  plasma no i ses  i n  t h e  corresponding po r t ion  of 

t h e  spectrum. This is  due t o  t h e  f a c t  t h a t ,  as w a s  shown i n  [l], cons ide ra t ion  

of thermal  n o i s e s  merely r e s u l t s  i n  a change of t h e  q u a n t i t y  subsumed by t h e  

loga r i thmic  symbol i n  t h e  Coulombic c o l l i s i o n  term (which is tantamount t o  ex- 

ceeding the l i m i t s  of accuracy).  

Where necessary ,  c o l l i s i o n s  are taken i n t o  account on ly  t o  w i t h i n  loga- 

r i t hmic  accuracy. For t h i s  reason,  the  e f f e c t  of thermal  n o i s e s  whose energy 

d e n s i t y  i s  on t h e  order  of magnitude of NT/ND, where ND is t h e  number of par -  

t i c l e s  i n  a sphere  of Debye r ad ius  RD, i s  neglected.  

ou r se lves  t o  t h e  s tudy  of t h e  l lsuprathennal" o s c i l l a t i o n s ,  whose energy dens i ty  

I n  o t h e r  words, w e  l i m i t  

E: > > N T / N ~ .  

It is necessary  a l s o  t o  n o t e  t he  f a c t  t h a t  t h e  a p p l i c a b i l i t y  of t h e  quasi-  

l i n e a r  theory  equat ions  is l i m i t e d  t o  cases where t h e  os: i l la tory increment (or  
~ 

decrement) i s  considerably less than  t h e  frequency of t h e  o s c i l l a t i o n s ;  i f ,  on 

t h e  o t h e r  hand, t h i s  cond i t ion  i s  no t  f u l f i l l e d ,  s e p a r a t i o n  of t h e  d i s t r i b u t i o n  

f u n c t i o n  i n t o  r a p i d l y  and slowly varying terms is  impossible  and equat ions of 

t h e  t y p e  (7) , (8) , (9)  are i n v a l i d .  

It i s  clear from the form of equat ion (7) f o r  t h e  mean p a r t i c l e  d i s t r i b u -  

t i o n  f u n c t i o n  f o  t h a t  t h e  e x c i t a t i o n  of c o l l e c t i v e  degrees  of freedom (waves) 

i n  a plasma involves  t h e  appearance of a d d i t i o n a l  d i f f u s i o n  i n  t h e  v e l o c i t y  

space  i n  a d d i t i o n  t o  t h e  u s u a l  "co l l i s iona l "  d i f fus ion .  It i s  i n t e r e s t i n g  t h a t  

t h e  r a t i o  of t h e  c o e f f i c i e n t  of "wave d i f fus ion"  D t o  t h e  " c o l l i s i o n a l  d i f f u -  

s ion"  c o e f f i c i e n t  D % Ne4/mv (where v i s  t h e  average thermal  v e l o c i t y  of t h e  

e l e c t r o n s )  , 
0 



(where ND Q, NRD3 is t h e  number of p a r t i c l e s  i n  a sphere  of Debye r ad ius  RD) i s  

equal  i n  o rde r  of magnitude t o  t h e  r a t i o  of t h e  wave energy (pe r  p a r t i c l e  E 2 / N  

t o  t h e  energy of e l e c t r o s t a t i c  i n t e r a c t i o n  ( l i kewise  p e r  p a r t i c l e )  e2/RD. 1) 

Thus, t h e  e f f e c t s  of p a r t i c l e  i n t e r a c t i o n  wi th  e x c i t e d  c o l l e c t i v e  degrees  of 

freedom are inve r se ly  p ropor t iona l  t o  system non-idealness.  

Fig.  1. Emission (A) 'and absorp t ion  
(B)  of a wave by a p a r t i c l e .  

~ I n  o rde r  t o  i n v e s t i g a t e  the phys ica l  meaning of t h e  q u a s i l i n e a r  theory  

and t o  g e n e r a l i z e  t h e  r e s u l t i n g  equat ions (7 ) - (9 )  t o  i nc lude  t h e  case of an ar- 

b i t r a r y  system wi th  s t r o n g l y  e x c i t e d  c o l l e c t i v e  degrees  of freedom, w e  w i l l  

cons ider  such a system as comprised of two gases  -- a p a r t i c l e  gas  and a wave 

gas -- and w r i t e  t h e  equat ions  f o r  the  conserva t ion  of t h e  p a r t i c l e s  and waves 

i n  t h e  phase space.  

L e t  u s  cons ider  f i r s t  t h e  balance equat ion  f o r  t h e  number of p a r t i c l e s  i n  

t h e  v e l o c i t y  space  (assuming t h a t  the  system i s  homogeneous i n  t h e  coord ina te  

space ) .  S ince  t h e  c o l l e c t i v e  modes a r e  s t rong ly  e x c i t e d  ( so  t h a t  t h e  d e n s i t y  

of t h e  wave gas is cons iderably  h igher  than  its thermodynamic equi l ibr ium 

v a l u e ) ,  w e  can only t ake  i n t o  account t h e  par t ic le-wave i n t e r a c t i o n  processes  

l T h i s  i s  t h e  f a m i l i a r  "Debye cor rec t ion"  in t roduced  i n t o  t h e  thermodynamic 
p o t e n t i a l s  of Coulombic systems. 
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(and i n  t h e  f i r s t  approximation a t  t h a t ) .  

must cons ider  is t h e  " f i r s t -o rde r "  process1, i.e. , the emission o r  abso rp t ion  

of a wave q by a p a r t i c l e  & (Fig. 1). 

The b a s i c  process  whose e f f e c t  w e  

The matrix elements of processes  IA, 1 B  are p ropor t iona l  t o %  and1/"q+l, 

r e s p e c t i v e l y ,  where Nq is t h e  number of waves p e r  u n i t  volume of t h e  phase 

space;2 i n  our  case, however, Nq >>1, s o  t h a t  t h e  p r o b a b i l i t i e s  of t h e  two pro- 

cesses are equal  and p ropor t iona l  t o  N 4: 

A s  a r e s u l t  of t h e  emission o r  absorp t ion  of waves, a p a r t i c l e  experiences 

a change i n  momentum and changes i ts  p o s i t i o n  i n  t h e  phase space ;  t h e  change i n  

t h e  number of p a r t i c l e s  a t  t h e  p o i n t  k of t h e  phase space  c o n s i s t s  of "depar- 

t u r e  terms" due t o  abso rp t ion  

and emission 

'The very  f a c t  of desc r ib ing  exc i ted  system states by means of two gases ,  
t h e  p a r t i c l e  gas &@the wave gas,  implies  t h a t  t h e  i n t e r a c t i o n  between t h e  two 
i s  s l i g h t .  W e  can t h e r e f o r e  assume t h a t  higher-order  processes  p l ay  a lesser 
r o l e  than  f i r s t  o r d e r  particle-wave i n t e r a c t i o n  processes .  S p e c i f i c a l l y ,  f o r  
such systems wi th  Coulombic i n t e r a c t i o n  as t h a t  of a r a r e f i e d  plasma o r  an  u l -  
t ra -dense  e l e c t r o n  plasma, t h e  i n t e r a c t i o n  between p a r t i c l e s  and waves is  elec- 
tro-dynamic and p ropor t iona l  t o  t h e  par t ic le  charge;  t h e  weakness of p a r t i c l e -  
wave i n t e r a c t i o n  i n  t h i s  case has t o  do w i t h  t h e  smallness  of t h e  parameter  
(e2/(E})/r (where (E) i s  t h e  average p a r t i c l e  energy and r is t h e  average d i s -  
t ance  between t h e  p a r t i c l e s ) ,  which is p r o p o r t i o n a l  t o  t h e  square  of t h e  charge.  

'We assume t h a t  t h e  waves are Bose-Einstein s t a t i s t i c a l .  

9 



and of analogous "arrival terms"due t o  abso rp t ion  

and emission 

where f k  is  t h e  d i s t r i b u t i o n  func t ion  ( t h e  d iagonal  p a r t  of t h e  d e n s i t y  ma t r ix  

a t  k -- t h e  p a r t i c l e  r e p r e s e n t a t i o n ) ,  E k  i s  t h e  k i n e t i c  energy of a p a r t i c l e  

wi th  t h e  wave v e c t o r  k, E i s  t h e  energy of t h e  wave q. 

Summing t h e  con t r ibu t ions  of t h e  va r ious  processes  (12) ,  w e  o b t a i n  t h e  

- 9 

fo l lowing  equat ion  f o r  t h e  d i s t r i b u t i o n  func t ion  fk:  

I n  a similar way w e  o b t a i n  t h e  equat ion f o r  t h e  wave d i s t r i b u t i o n  func t ion  

Nq varies as a r e s u l t  of t h e  b i r t h  and d e s t r u c t i o n  of waves by p a r t i c l e s  , 1 
Nq. 
s o  t h a t  i n  t h e  s p a t i a l l y  homogeneous case  (a/ax = 0) 

Equat ions (13)-(14) desc r ibe  non-equilibrium processes  i n  systems wi th  

s t r o n g l y  e x c i t e d  c o l l e c t i v e  degrees  of freedom (when t h e r e  are no e x t e r n a l  for -  

'Once aga in ,  w e  t ake  i n t o  account f i r s t - o r d e r  processes  only and assume 
t h a t  N >> 1. 

P 
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ces - F and no s p a t i a l  g r a d i e n t s l ) .  

I f  t h e  re la t ive change i n  t h e  momentum of a p a r t i c l e  a s soc ia t ed  wi th  t h e  

b i r t h  o r  d e s t r u c t i o n  of a wave is s m a l l ,  

then  p a r t i c l e  ba lance  equat ion (13) assumes t h e  Fokker-Planck form. Indeed, 

over q i n  ( 1 3 ) ,  we - 
*q 'k,q 

expanding t h e  func t ion  I and t h e  d i f f e r e n c e  \yk+q 

o b t a i n  

and 

i . e . ,  t h e  Fokker-Planck equat ion.  I n  t h i s  same approximation t h e  equat ion  f o r  

Nq can be  w r i t t e n  as 

S p e c i f i c a l l y ,  f o r  a system of p a r t i c l e s  wi th  Coulombic i n t e r a c t i o n  (a 

plasma) t h e  re la t ive change i n  t h e  momentum of an e l e c t r o n  a s s o c i a t e d  wi th  t h e  

b i r t h  (absorp t ion)  of a quantum of Langmuir o s c i l l a t i o n s  does n o t  exceed hap/(€} 

and is  s m a l l  f o r  r a r e f i e d  and ul t ra-dense plasmas, s o  t h a t  equat ions  (17)-(18) 

apply  h e r e ;  f o r  a r a r e f i e d  plasma 

hwq I w k , k - q  = 4 X a  ea 
9' 1 

- ,  

l I n  o rde r  t o  extend t h e  argument t o  cover t h e  case where F # 0; a/ax # 0 
i t  i s  s u f f i c i e n t  t o  r e p l a c e  t h e  p a r t i a l  d e r i v a t i v e s  a f / a t  by tze t o t a l  der iva-  
t ives  d f / d t  = a f / a t  + [gf] i n  t h e  l e f t  s i d e s  of equat ions  (13a) and (14) .  

11 



. 
, 

and (17) co inc ides  wi th  prev ious ly  der ived equat ion  ( 7 ) ,  wh i l e  (18) becomes t h e  

u s u a l  formula of t h e  l i n e a r  theory  f o r  t h e  increment (decrement) of waves i n  a 

plasma (9) .  

I n  t h e  case of an a r b i t r a r y  system w i t h  e x c i t e d  c o l l e c t i v e  modes, t h e  par-  

t i c le  ba lance  equat ion  is no t  of t h e  Fokker-Planck form; i n  t h e  p re sen t  s tudy  

w e  s h a l l  b e  concerned only wi th  t h e  problems of q u a s i l i n e a r  plasma theory ,  and 

w i l l  t hus  make use  of equat ions  of t h e  type  (17)-(18) [ o r  ( 7 ) ,  (8), ( 9 ) ] .  

The technique used t o  deduce t h e  system of equat ions  of t h e  q u a s i l i n e a r  

theory  ( 7 ) ,  ( 8 ) ,  (9) can be used t o  ob ta in  analogous equat ions  f o r  a plasma i n  

a magnetic f i e l d  (e .g . ,  see [ 2 ] ) .  We w i l l  n o t  cons ider  t h e  gene ra l  case h e r e ,  

however, l i m i t i n g  ourse lves  t o  a d iscuss ion  of some a c t u a l  e f f e c t s :  t h e  devel-  

opment of o s c i l l a t i o n s  i n  an uns t ab le  plasma, t h e  abso rp t ion  of f ini te-ampli-  

tude  waves i n  a plasma, etc. 
- 

3 .  Development of I n s t a b i l i t y  

I n  t h i s  s e c t i o n  w e  cons ider  t h e  problem of t h e  development of i n s t a b i l i t y  

i n  a r a r e f i e d  plasma w i t h i n  t h e  framework of t h e  q u a s i l i n e a r  theory.  W e  s h a l l  

l i m i t  ou r  d i scuss ion  t o  i n s t a b i l i t i e s  on t h e  Langmuir branch of plasma o s c i l -  

l a t i o n s ,  assuming f o r  s i m p l i c i t y  t h a t  t h e  problem is  one-dimensional ( t h e  d i s -  

t r i b u t i o n  func t ion  depends s o l e l y  on t h e  p r o j e c t i o n  of t h e  p a r t i c l e  v e l o c i t y  on 

a s i n g l e  chosen d i r e c t i o n ,  t h e  Langmuir o s c i l l a t i o n s  occurr ing  i n  t h i s  same 

d i r e c t i o n ) .  1 

L e t  us  assume t h a t  a t  t h e  i n i t i a l  i n s t a n t  t h e  p a r t i c l e  d i s t r i b u t i o n  f (0 ,  

v) i n  t h e  v e l o c i t y  space is of t h e  form shown i n  Fig.  2A; Langmuir o s c i l l a t i o n s  

'Such a s i t u a t i o n  arises, f o r  example, i n  t h e  presence  of a s t rong  magne- 
t i c  f i e l d  which sets t h i s  d i r e c t i o n  a p a r t  from t h e  rest. 
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then start t o  b u i l d  up i n  t h e  region where t h e  d e r i v a t i v e  a f (0 ,  v ) / a v  i s  pos i -  

t i v e ;  t h e  s p e c t r a l  d e n s i t y  of t h e s e  o s c i l l a t i o n s  increases [see ( 9 ) l  as 

I 
V 

C 

Fig. 2. Formation of a “p la teau”  i n  t h e  
p a r t i c l e  d i s t r i b u t i o n  func t ion  (A, B) and 
t h e  spectrum of o s c i l l a t i o n s  as t+ 03 (C ) .  

The appearance of suprathermal  no i se s  i n  t h e  plasma l eads  i n  t u r n  t o  t h e  

d i f f u s i o n  of p a r t i c l e s  i n  t h e  ve loc i ty  space,  

---I)--. a f  - a a f  
a t  av av 

The c o e f f i c i e n t  of d i f f u s i o n  

t h e  o s c i l l a t o r y  f i e l d  by t h e  expression 

D ( t ,  v) is r e l a t e d  i n  t h i s  case t o  t h e  square  of 

1 3  



s i n c e  i n  t h i s  case  involv ing  long waves, t h e  frequency w co inc ides  wi th  t h e  

plasma frequency ( 4  IT N e  m) and the  v e l o c i t y  of t h e  resonance p a r t i c l e s  is  

t h e r e f o r e  i n v e r s e l y  p ropor t iona l  t o  the  wave v e c t o r ,  v = w/k. 

A s  a r e s u l t  of d i f f u s i o n ,  the i n i t i a l  p a r t i c l e  d i s t r i b u t i o n  smooths out  

and a "plateau" (Fig.  2B) [3] appears  i n  t h e  v e l o c i t y  i n t e r v a l  v1 < v < v2. 

A t  t h e  same t i m e ,  a s t e a d y - s t a t e l  spectrum of suprathermal  n o i s e s  arises i n  the 

i n t e r v a l  of wave numbers w/v2 < k < w/vl. The shape of t h i s  s t eady- s t a t e  spec- 

trum and t h e  s p e c t r a l  d e n s i t y  may b e  determined as fol lows.  

I n t e g r a t i n g  (19) over  t i m e  and neglec t ing  t h e  thermal  n o i s e  energy i n  com- 

p a r i s o n  wi th  t h e  energy of t h e  o s c i l l a t i o n s  which are b u i l d i n g  up, w e  f i n d  t h e  

s p e c t r a l  dens i ty  lEkl ( t )  of t h e  suprathermal n o i s e s ,  2 

__ 

On t h e  o t h e r  hand, i n t e g r a t i n g  (20) over t i m e  and over t h e  v e l o c i t y  v i n  t h e  

i n t e r v a l  from v1 t o  v, applying (21) ,  and not ing  t h a t  D a f / a v  = 0 when v = VI, 

w e  o b t a i n  

Y I 

"I 0 

Comparing (22) wi th  (23) ,  w e  f i n d  the s p e c t r a l  d e n s i t y  of t h e  n o i s e s ,  

v 
I n,' , I fl~- I* (1 )  = --ea -- o tra 1 [ f  ( I ,  u') - f (0, u')] d v'. 

"I 

lThe d e r i v a t i v e  of t h e  d i s t r i b u t i o n  func t ion  w i t h  r e s p e c t  t o  v e l o c i t y  
vanishes  i n  t h e  reg ion  of t h e  p la teau ,  s o  t h a t  t h e  o s c i l l a t i o n s  n e i t h e r  b u i l d  
up n o r  are damped out .  

1 4  
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. r  

I Upon te rmina t ion  of t h e  process  of smoothing of t h e  d i s t r i b u t i o n  func t ion ,  when 

a p l a t e a u  f(- ,  v)  = cons t  is es t ab l i shed  i n  t h e  range v1 < v < v2, t h e  s teady-  

s ta te  spectrum of suprathermal  Langmuir o s c i l l a t i o n s  w e  have been seeking  i s  

I f u l l y  determined by the i n i t i a l  and f i n a l  d i s t r i b u t i o n  func t ions ,  

( t h e  shape of t h i s  spectrum i s  shown i n  Fig.  2 A ) .  By (25) ,  t h e  s p e c t r a l  den- 

s i t y  of t h e  n o i s e s  vanishes  a t  t h e  po in t s  kl = w/vl and k2 = w/v21 and its de- 

t a i l e d  dependence on k is  determined by t h e  a c t u a l  shape of t h e  p a r t i c l e  velo-  

c i t y  d i s t r i b u t i o n  func t ion .  

The plasma wi th  a ' 'plateau" i n  its e l e c t r o n  d i s t r i b u t i o n  which arises as 

a r e s u l t  of i n s t a b i l i t y  and d i f f u s i o n  has  the proper ty  t h a t  e x t e r n a l l y  e x c i t e d  

l o n g i t u d i n a l  Langmuir o s c i l l a t i o n s  propagate i n  i t  wi thout  being damped, pro- 

vided t h e i r  phase v e l o c i t y  vf l i e s  wi th in  t h e  i n t e r v a l  of t h e  p l a t e a u  v1 < vf < 
- 

v2 

The energy d e n s i t y  of t h e  suprathermal  no i se s  e s t a b l i s h e d  by t h e  t i m e  t h a t  

t h e  d i f f u s i o n  process  t e rmina te s  i s  equal  i n  o r d e r  of magnitude t o  

where 6n is  t h e  d e n s i t y  of t h a t  po r t ion  of t h e  e l e c t r o n s  which d i f f u s e  i n  t h e  

v e l o c i t y  space  as a r e s u l t  of t h e  emission and abso rp t ion  of c o l l e c t i v e  Langmuir 

/470 o s c i l l a t i o n s  and whose k i n e t i c  energy is  g radua l ly  a l t e r e d  thereby.  - 

'The i n t e g r a l  i n  t h e  r i g h t  s i d e  of (25) vanishes  f o r  v = v2 by v i r t u e  of 
t h e  l a w  of conserva t ion  of t h e  number of p a r t i c l e s :  - 

*a 

JI ( 0 9  4 d d  -11 4-9 i d r ;  
0 ,  + . .  ; '1 
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We see, t h e r e f o r e ,  t h a t  t h e  q u a s i l i n e a r  theory j u s t  p resented  informs us  

about t h e  state i n t o  which t h e  i n i t i a l l y  uns t ab le  plasma passes  as a r e s u l t  of 

t h e  development of k i n e t i c  i n s t a b i l i t y ,  as w e l l  as about t h e  p a r t i c l e  d i s t r i b u -  

t i o n  func t ion  and spectrum of c o l l e c t i v e  o s c i l l a t i o n s  i n  t h e  f i n a l  s ta te .  

t u r n s  o u t  t h a t  i n  a r a r e f i e d  plasma the  r e l a x a t i o n  process  i n  t h e  v e l o c i t y  

space  breaks  down i n t o  two s t a g e s :  a t  f i r s t  t h e  p a r t i c l e  d i s t r i b u t i o n  func t ion  

f ( v )  smooths out  r a p i d l y  nea r  t h e  reg ion  where t h e r e  w a s  a p o s i t i v e  d e r i v a t i v e  

af/av; only  la ter ,  and much more slowly, does t h e  d i s t r i b u t i o n  func t ion  tend 

toward a thermodynamicequilibrium funct ion.  It  i s  p r e c i s e l y  t h e  f i r s t  

s t a g e ,  i .e. ,  t h e  establ ishment  of a "plateau1'  i n  t h e  d i s t r i b u t i o n  func t ion  and 

t h e  appearance of suprathermal  no i se s ,  which t h e  q u a s i l i n e a r  theory  desc r ibes .  

I f  t h e  "plateau" happens t o  be narrow, system (19)-(21) desc r ib ing  t h i s  process  

can be  reduced t o  a s i n g l e  equat ion  f o r  t h e  c o e f f i c i e n t  of d i f f u s i o n  D ,  

It 

-e a D  D ~ + # . D  
ad a V' 

where the func t ion  0 depends s o l e l y  on t h e  v e l o c i t y  v and co inc ides  t o  w i t h i n  a 

f a c t o r  w i t h  the de rzva t ive  af/av a t  the  i n i t i a l  i n s t a n t ,  

(28) 9 ( v )  = xov' a/  (0, q a u .  

W e  n o t e  t h a t  t h e  s t eady- s t a t e  s o l u t i o n  of equat ion (271, which can b e  obtained 

by s e t t i n g  a / a t  = 0, l eads  us  (by way of (28))  t o  t h e  formula f o r  t h e  s p e c t r a l .  

d e n s i t y  of t h e  suprathermal  n o i s e  (25). 

Using (27) i t  i s  p o s s i b l e  t o  i n v e s t i g a t e  the  e n t i r e  process  of development 

of o s c i l l a t i o n s  i n  an  i n i t i a l l y  uns t ab le  plasma and of t h e  appearance of a 

p l a t e a u  i n  t h e  p a r t i c l e  d i s t r i b u t i o n  func t ion  f ( v ) .  

t i r e  p rocess  is of t h e  o rde r  of magnitude 

The d u r a t i o n  T of t h e  en- 
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4 .  Absorption of Waves i n  a Plasma 

A s  w e  know, t h e  l i n e a r  theory of s m a l l  o s c i l l a t i o n s  of a r a r e f i e d  plasma 

p r e d i c t s  " c o l l i s i o n l e s s  damping" of waves propagat ing i n  t h e  plasma. A t yp i -  

cal example of such " c o l l i s i o n l e s s  damping" is  t h e  r educ t ion  of t h e  amplitude 

of l o n g i t u d i n a l  Langmuir e l e c t r o n  waves e x c i t e d  on t h e  boundary of t h e  plasma 

by a n  e x t e r n a l  e lectr ic  f i e l d  of frequency w 7 we which propagate  i n t o  t h e  in-  

t e r i o r  of t h e  plasma i n  a d i r e c t i o n  perpendicular  t o  i t s  boundary. I n  t h e  case 

of long-wave o s c i l l a t i o n s  (kRD <<1), which are t h e  only ones w e  s h a l l  cons ider ,  

t h e  r educ t ion  of t h e  amplitude of a wave as i t  p e n e t r a t e s  i n t o  t h e  plasma is 

given by 1 

where we i s  t h e  plasma frequency, k i s  t h e  wave v e c t o r ,  and f ( v )  is  t h e  elec- 

t r o n  d i s t r i b u t i o n  func t ion  w i t h  respec t  t o  t h e  v e l o c i t y  component p a r a l l e l  t o  

l T h i s  express ion  is v a l i d  a t  d i s t ances  from t h e  boundary which are i n  ex- 
cess of several 
does n o t  apply,  
equat ion  

wavelengths.  The e f f e c t s  i n  t h e  boundary r eg ion ,  where (30) 
do n o t  concern us  here .  W e  n o t e  that (30) fo l lows  from t h e  

i f  w e  recall t h a t  i n  t h e  case i n  ques t ion ,  when a / a t  = 0, 

h o  W=4n' - 
9' ' 
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t h e  d i r e c t i o n  of wave propagat ion.  The "prime" denotes  d i f f e r e n t i a t i o n  wi th  

r e spec t  t o  t h e  x-coordinate.  

Thus, t h e  energy of a packet  of waves of i n f i n i t e l y  s m a l l  amplitude and 

d i f f e r e n t  b u t  c l o s e  f requencies  (and wave v e c t o r s )  diminishes  exponent ia l ly  

wi th  d i s t a n c e  from t h e  boundary; t h e  s p a t i a l  decrement of t h i s  damping is g iven  

by formula (30) wi th  f = ( 2  IT T/m)-ll2 exp(-mv2/2T) (Fig.  3A). 

I f ,  on t h e  o t h e r  hand, we consider  t h e  propagat ion of waves of small b u t  

f i n i t e  amplitude,  t h e i r  damping w i l l  be seen  t o  d i f f e r  r a d i c a l l y .  Indeed,  t h e  

q u a s i l i n e a r - t h e o r e t i c a l  equat ion  f o r  t h e  mean e l e c t r o n  d i s t r i b u t i o n  func t ion  f 

(3lb)' 
k t 

__ 
imp l i e s  t h a t  t h e  d i f f u s i o n  of p a r t i c l e s  i n  t h e  v e l o c i t y  space  accompanied by 

emission and abso rp t ion  of Langmuir o s c i l l a t i o n s  sha rp ly  reduces t h e  d e r i v a t i v e  

af/av, i .e. ,  by formula (30) , t h e  damping of  waves as they  pass  through t h e  

plasma. 

t e m  (30)-(31) is 

I n  the  v e l o c i t y  range of t h e  resonance p a r t i c l e s  t h e  s o l u t i o n  of sys-  

i .e.  , t h e  waves are no t  damped a t  a l l .  

'The wave v e c t o r  k and t h e  v e l o c i t y  v of a resonance p a r t i c l e  are unam- 
b iguous ly  r e l a t e d  i n  t h i s  case, v = w/k. 
e r a t o r  which produces a wave a t  t h e  boundary does n o t  a t  t h e  same t i m e  produce 
f r e e - f l y i n g  resonance p a r t i c l e s ,  i . e . ,  i t  presupposes a c e r t a i n  boundary-value 
condi t ion .  
t icles,  t h e  r e s u l t s  are no t  q u a l i t a t i v e l y  a l t e r e d .  

Expression (31b) presumes t h a t  a gen- 

I n  t h e  con t r a ry  case, i n  t h e  presence  of f r ee - f ly ing  resonance par- 

18 



I n  a c t u a l  f a c t ,  t h e  damping of the waves is  of s m a l l ,  bu t  neve r the l e s s  

f i n i t e  magnitude; t h i s  is due t o  t h e  f a c t  t h a t  c o l l i s i o n s  between p a r t i c l e s  

tend t o  r e s t o r e  dynamic equi l ibr ium (render  t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion  

more Maxwellian) , i .e. , t o  make t h e  d e r i v a t i v e  af/av nega t ive  (F ig .  1 C ) .  

o rde r  t o  f i n d  t h e  magnitude of t h e  assoc ia ted  weak wave damping, i t  is necessary  

I n  

/471 

tbl 

fWJ 

Fig. 

A P b  ' . 

I .  

V 

3 .  D i s t o r t i o n  of t h e  particle 
d i s t r i b u t i o n  func t ion  f ( v )  &der t h e  
in f luence  of a Langmuir wave packet .  

t o  i n t roduce  a c o l l i s i o n  t e r m  i n t o  equat ion (2) f o r  t h e  mean d i s t r i b u t i o n  func- 

t i o n  f .  I n  t h e  case of long waves w e  have been cons ider ing ,  t h e  c o l l i s i o n  term 

is of t h e  form 
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st/=--, a / +  -- 
BU a ( m a w '  * a t )  (33) 

where t h e  " c o l l i s i o n  frequency'' vs i s  equal  t o  

3 vs = s / v  , 

where t h e  o rde r  of magnitude of S is  equal t o  we4/N. 

(34) 

With due allowance f o r  c o l l i s i o n s  between p a r t i c l e s ,  t h e  equat ion  of t h e  

plasma e l e c t r o n  d i s t r i b u t i o n  func t ion  becomes 

where S t  f i s  given by express ion  ( 3 3 ) ,  and D by formula (31b). 

I f  t h e  amplitude of t h e  waves i n  t h e  packet  $s not  over ly  s m a l l ,  s o  t h a t  

t h e  i n e q u a l i t y  

2 i s  f u l f i l l e d  (where E /41r is t h e  wave energy d e n s i t y ) ,  then,  as may be  shown by 

e s t i m a t i o n ,  t h e  l e f t  s i d e  of (35) can be  neglec ted .  The d e r i v a t i v e  of t h e  d i s -  

t r i b u t i o n  f u n c t i o n ,  by (35), then becomes 

I f  t h e  packet  is  not  too wide, A(w/k) <<-, then,  as w e  see from F ig .  

3 ,  t h e  d i s t r i b u t i o n  func t ion  (but not i t s  d e r i v a t i v e )  changes b u t  s l i g h t l y  un- 

d e r  t h e  i n f l u e n c e  of t h e  waves, so  t h a t  i n  t h e  r i g h t  s i d e  of (37) w e  can r e p l a c e  

f by t h e  Maxwellian d i s t r i b u t i o n  func t ion  fm = (m/2 T)1/2 exp(-mv2/2T), and, 

'Since i n  t h e  v e l o c i t y  i n t e r v a l  i n  which w e  are i n t e r e s t e d  (T/m) ( a f / av )  
is  n e g l i g i b l y  s m a l l  i n  comparison with v f .  
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s u b s t i t u t i n g  i n  t h e  r e s u l t i n g  va lue  of t h e  d e r i v a t i v e  a f /av  = - vsvfM/D i n t o  

( 3 5 ) ,  w e  f i n d  t h a t  

o r ,  t ak ing  i n t o  account (31b) ,  w e  a r r i v e  a t  t h e  equat ion  g iv ing  t h e  s p a t i a l  

form of IEkI2, 

(39) impl ies  t h a t  t h e  energy of the  wave packet  diminishes  l i n e a r l y  wi th  

d i s t a n c e  from t h e  boundary according t o  t h e  l a w  (F ig .  4 )  

where t h e  c h a r a c t e r i s t i c  l eng th  L (along which t h e  waves e x c i t e d  a t  t h e  boun- 

dary are damped) i s  d i r e c t l y  p ropor t iona l  t o  t h e  energy of t h e  waves a t  t h e  
- 

L C X 

Fig.  4.  Damping of Langmuir waves i n  a plasma. 

boundary; i ts o rde r  of magnitude is  

i .e . ,  i t  exceeds cons iderably  t h e  damping l eng th  i n  t h e  l i n e a r  theory provided 

t h a t  t h e  wave %nergy exceeds t h e  energy of t h e  thermal  n o i s e s ,  E2/NT 3 ~ / N D  (we 

2 1  



recal l  that i n  t h e  case under 

To conclude t h i s  s e c t i o n  

d iscuss ion  E2/NT 3 1 (ND)1/2). 

w e  no te  t h a t  t h e  reduced abso rp t ion  of waves of 

f i n i t e  ampli tude i n  a r a r e f i e d  plasma (see  a l s o  [ 2 ] )  should b e  taken i n t o  

account i n  computing plasma hea t ing  i n  a high-frequency f i e l d .  

5. Plasma i n  a Constant Electr ic  F i e l d  /472 

I n  t h e  p re sen t  s e c t i o n  w e  s h a l l  be concerned wi th  t h e  q u a s i l i n e a r  theory  

of a plasma s i t u a t e d  wi th in  a cons tan t  e lectr ic  f i e l d  E. 

f i e l d  E ,  a c u r r e n t  j = oE flows through t h e  plasma; t h e  plasma r e s i s t i v i t y  

c o n s i s t s  of two terms: t h e  f i r s t  i s  determined by c o l l i s i o n s  between p a r t i c l e s  

and t h e  second by t h e  i n t e r a c t i o n  of charge carriers wi th  f l u c t u a t i n g  electric 

f i e l d s  . 

Upon a c t u a t i o n  of t h e  

A s  t h e  e lectr ic  f i e l d  E i nc reases ,  t h e  mean d i r e c t e d  e l e c t r o n  v e l o c i t y  va 

~ i nc reases .  

s t a b l e  as low-frequency o s c i l l a t i o n s  ( i o n i c  sound) begin t o  b u i l d  up i n  i t  [ 3 ] .  

The ampli tude and spectrum of t h e s e  o s c i l l a t i o n s  are determined by t h e  ba lance  

p r e v a i l i n g  between t h e  f l u x  of energy t o  t h e  o s c i l l a t i o n s  from t h e  e l e c t r o n s  

moving i n  t h e  cons t an t  e lectr ic  f i e l d  E and t h e  f l u x  of energy d i s s i p a t e d  i n  

the o s c i l l a t i o n s .  

t h e  t r a n s f e r  of energy over t h e  o s c i l l a t o r y  spectrum from c e r t a i n  modes t o  cer- 

t a i n  o t h e r  modes ( t r a n s f e r  between c o l l e c t i v e  degrees  of freedom) and d i r e c t  

t r ans fo rma t ion  of t h e  o s c i l l a t o r y  energy i n t o  h e a t  during p a r t i c l e  c o l l i s i o n s .  

The c h a r a c t e r i s t i c  t i m e  of energy t r a n s f e r  over t h e  spectrum tends t o  i n f i n i t y  

as t h e  o s c i l l a t o r y  amplitude tends  t o  zero ,  while t h e  c h a r a c t e r i s t i c  energy 

d i s s i p a t i o n  t i m e  f o r  i n d i v i d u a l  p a r t i c l e  c o l l i s i o n s  remains cons t an t  as t h i s  

same l i m i t  is approached. 

A t  some c r i t i ca l  v e l o c i t y  vc t h e  state of the plasma becomes un- 

The energy d i s s i p a t i o n  may b e  determined by two processes :  

For t h i s  reason,  w i th  s m a l l  s u p e r - c r i t i c a l i t y  ( i .e. ,  

22 



w i t h  vc s l i g h t l y  exceeded) t h e  shape of t h e  o s c i l l a t o r y  spectrum and t h e  level 

of t h e  o s c i l l a t i o n s  are determined by the  ba lance  between t h e  energy contr ibu-  

t e d  by t h e  moving e l e c t r o n s  and t h e  energy d i s s i p a t e d  dur ing  p a r t i c l e  p a i r  

c o l l i s i o n s ;  they  can b e  found wi th  t h e  a i d  of t h e  q u a s i l i n e a r - t h e o r e t i c a l  form- 

a l i s m  developed i n  Sec t ion  1. 

For s i m p l i c i t y ,  l e t  us  cons ider  a p a r t i a l l y  ion ized  plasma i n  which t h e  

dominant r o l e  is  played by c o l l i s i o n s  between charged and n e u t r a l  p a r t i c l e s .  

We l i m i t  ourse lves  t o  t h e  case where the  c o l l i s i o n  frequency vs is cons iderably  

less than  t h e  o s c i l l a t o r y  frequency w ,  s o  t h a t  n e u t r a l  p a r t i c l e s  do not  t a k e  

p a r t  i n  t h e  o s c i l l a t i o n s .  W e  w i l l  consider  a plasma s i t u a t e d  i n  a s t r o n g  mag- 

n e t i c  f i e l d ,  s o  t h a t  for t h e  ionic-acoust ic  branch t h e  o s c i l l a t o r y  wavelength 

is  cons iderably  l a r g e r  than  t h e  Larmor r a d i u s  of t h e  ions .  

Dispers ion  equat ion  ( 4 2 )  f o r  i o n i c  o s c i l l a t i o n s  i n  a s t r o n g  magnetic f i e l d  
- 

can b e  obta ined  by expanding t h e  k i n e t i c  equat ion  

term of the  d i s t r i b u t i o n  func t ion  i n  the  r a t i o  of 

t o r y  frequency t o  t h e  i o n i c  cyc lo t ron  frequency,  

f o r  t h e  r a p i d l y  o s c i l l a t i n g  

t h e  c h a r a c t e r i s t i c  o s c i l l a -  
. 

The energy f l u x  ba lance  condi t ion  ( 4 3 )  is of t h e  form 

In equat ions  ( 4 2 ) - ( 4 3 )  

23  



r ep resen t s  t h e  s t eady- s t a t e  po r t ion  of t h e  e l e c t r o n  ( ion)  d i s t r i b u t i o n  func t ion  

wi th  r e spec t  t o  t h e  v e l o c i t y  v , ~  p a r a l l e l  t o  t h e  d i r e c t i o n  of t h e  cons tan t  mag- 

n e t i c  f i e l d , '  and kll is t h e  p r o j e c t i o n  of t h e  wave vec to r  on t h i s  d i r e c t i o n .  

A s  w e  know, ion ic-acous t ic  o s c i l l a t i o n s  e x i s t  i n  a plasma only  i f  the 

e l e c t r o n  temperature  Te exceeds considerably t h e  ion  temperature  T i ;  i n  t h i s  

case equat ions  ( 4 2 )  and (43 )  become 

Here 

denotes  t h e  v e l o c i t y  of t he  i o n i c  sound i n  the low-frequency range ( w - t  ckll as 

w +  0). Using ( 4 2 ' )  t o  f i n d  t h e  frequency w(k, vi,) and s u b s t i t u t i n g  i t  i n t o  ( 4 3 ' )  

w e  o b t a i n  t h e  s t eady- s t a t e  condi t ion  f o r  a wave d i r e c t e d  a t  an  ang le  9 = arc  

~ 

COS kll/k t o  t h e  magnetic f i e l d ,  

The r i g h t  s i d e  of ( 4 4 )  i n c r e a s e s  monotonically wi th  inc reas ing  9 ;  hence,  i f  t h e  

s t eady  s ta te  condi t ion  

i f  f u l f i l l e d  f o r  a l l  pu re ly  long i tud ina l  waves (9 = 0) , t hen  a l l  of t h e  "oblique" 

l T h e  magnetic f i e l d  of the cu r ren t  f lowing i n  t h e  plasma i s  considered t o  
b e  n e g l i g i b l y  small i n  a l l  cases .  
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waves (0 > 0) are damped o u t ,  i .e.,  i n  t h e  case of t h e s e  waves, according t o  

( 4 4 ) ,  t h e  energy d i s s i p a t i o n  due t o  c o l l i s i o n s  between ions  and n e u t r a l  p a r t i -  

cles exceeds t h e  i n f l u x  of energy from t h e  resonance e l e c t r o n s .  Thus, i n  t h e  

s t eady- s t a t e  t h e  plasma con ta ins  only waves d i r e c t e d  a long  t h e  magnetic f i e l d .  

The form of t h e  d i s t r i b u t i o n  func t ion  f o r  t h e  e l e c t r o n s  i n  resonance wi th  

t h e  s t eady- s t a t e  ion ic-acous t ic  n o i s e  Sackground can b e  determined from equa- 

t i o n  ( 4 5 ) ;  t he  r e s u l t i n g  expression f o r  t h e  d i s t r i b u t i o n  func t ion  is  v a l i d  

w i t h i n  a l i m i t e d  v e l o c i t y  interval, i .e . ,  where t h e  e l e c t r o n  d r i f t  induced by 

t h e  cons tan t  e lectr ic  f i e l d  maintains  t h e  s t e a d y - s t a t e  level of t h e  o s c i l l a -  

t i o n s .  

According t o  t h e  l i n e a r  theory ,  i n s t a b i l i t y  arises i n  t h a t  p o r t i o n  of t h e  

v e l o c i t y  space  where Fer(v, ,)  exceeds the  r i g h t  s i d e  of (45). 

/ 4 7 3  

Fig. 5. 
d i s t r i b u t i o n  i n  an  electric f i e l d .  

Function Fe(v1,) of e l e c t r o n  

F ig .  5 shows t h e  " i n i t i a l "  region of i n s t a b i l i t y  1-2. However, as w e  s a w  

i n  Sect%on 1, i n  a t i m e  on t h e  order  of s e v e r a l  o s c i l l a t o r y  per iods  such an  in-  

s t a b i l i t y  extends over  t h e  e n t i r e  spectrum of ion ic-acous t ic  o s c i l l a t i o n s  whose 

phase v e l o c i t y  w/k,l l ies between the  mean thermal  v e l o c i t y  of t h e  ions  
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+i 
(T/N)' and t h e  v e l o c i t y  c nr (T /E) . In t h i s  r eg ion  t h e  f u n c t i o n  of e l e c t r o n  e 

d i s t r i b u t i o n  wi th  r e spec t  t o  long i tud ina l  v e l o c i t i e s  i s  d i s t o r t e d  and assumes 

t h e  form shown i n  Fig. 5. 

The o s c i l l a t o r y  spectrum i n  t h i s  reg ion  can be  obta ined  on t h e  b a s i s  of 

t h e  fol lowing cons idera t ions .  

I n  accordance wi th  t h e  gene ra l  formalism of t h e  q u a s i l i n e a r  theory  (Sec- 

t i o n  l), cons ide ra t ion  of t h e  r e a c t i o n  e f f e c t  of t h e  o s c i l l a t i o n s  on t h e  e lec-  

t r o n s  l e a d s  t o  an  equat ion  f o r  t h e  s t eady- s t a t e  d i s t r i b u t i o n  func t ion  Fe(vIl) ,  

where &k = Ek 2  IT, (k = w/vII) i s  t h e  s p e c t r a l  dens i ty  of t h e  e l e c t r o s t a t i c  

energy. The f i r s t  t e r m  i n  ( 4 6 )  descr ibes  t h e  v a r i a t i o n  of t h e  e l e c t r o n  d i s t r i -  

bu t ion  under t h e  a c t i o n  of t h e  constant  e lec t r ic  f i e l d  E ,  wh i l e  t h e  second term 
~ 

is  due t o  t h e  r e a c t i o n  

I n t e g r a t i n g  ( 4 6 ) ,  

e f f e c t  of t h e  induced waves on t h e  resonance p a r t i c l e s .  

w e  o b t a i n  an  expression fo r  t h e  s p e c t r a l  d e n s i t y ,  

where t h e  "e l ec t ron  Debye rad ius"  RD = d w  /ue,  x v,,/c. 

The i n t e g r a t i o n  cons tan t  i n  ( 4 7 )  may be found by imposing t h e  requirement 
0 

of a minimum t o t a l  energy i n  t h e  o s c i l l a t o r y  spectrum. This  minimali ty  re- 

quirement c o n s i s t s  i n  t h e  fol lowing.  I n  t h a t  reg ion  of t h e  v e l o c i t y  space  

where cond i t ion  ( 4 4 )  is f u l f i l l e d ,  ion ic-acous t ic  waves (e .g . ,  from some ex te r -  

k t r o n g  resonance absorp t ion  of o s c i l l a t i o n s  by ions  which exceeds t h e  
electron-induced bui ldup by a f a c t o r  of over 
borhood of t h e  i o n i c  thermal ve loc i ty .  

begins  t o  occur  i n  t h e  neigh- 
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n a l  source)  can propagate  without  damping. I f  t h e  spectrum of t h e s e  waves is  

such t h a t  

they  make no con t r ibu t ion  t o  e l e c t r o n  d i f f u s i o n ,  i .e. ,  they do n o t  i n t e r a c t  

w i t h  t h e  plasma a t  a l l .  For t h i s  reason, the spectrum may be determined only 

t o  w i t h i n  such a packet  of non- in te rac t ing  “extraneous” waves. The energy 

minimali ty  requirement excludes t h i s  packet.  I n  order  t o  f u l f i l l  t h i s  r equ i r e -  

ment, a cons tan t  p o s i t i v e  term 

must be  added t o  t h e  func t ion  

~ 
where cx = (2/.rr) (va/c) (m/M) (ui/wi) ; t h i s  lat ter func t ion  increases monotonically 

i n  t h e  reg ion  under cons idera t ion .  

___ 

Hence, t h e  spectrum of ion ic-acous t ic  o s c i l l a t i o n s  may b e  w r i t t e n  as 

i 

As w e  have a l r eady  noted ,  i o n i c  sound i s  p r e s e n t  on ly  when T i / T e  << 1, 

i .e . ,  when x << 1. Thus t h e  s p e c t r a l  d e n s i t y  i s  given by t h e  formula 
0 

(ti l / V i )  
( 4 9 )  

throughout almost t h e  e n t i r e  frequency region.  The t o t a l  e l e c t r o s t a t i c  energy 

d e n s i t y  of t h e  ion ic-acous t ic  o s c i l l a t i o n s  is  equal  t o  
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Formula (49) can be used t o  f i n d  t h e  energy d i s t r i b u t i o n  i n  t h e  low-fre- 

quency p o r t i o n  of t h e  spectrum (usua l ly  measured exper imenta l ly) :  

The e f f e c t  of these o s c i l l a t i o n s  on t r a n s f e r  processes  i n  a homogeneous 

plasma is  s m a l l ,  s i nce :  

1. The spectrum is  one-dimensional (Ek]/ H ) ,  s o  t h a t  t h e  e lec t r ic  f i e l d s  

of t h e  o s c i l l a t i o n s  cannot r e s u l t  i n  t h e  appearance of "anomalous 

d i f fus ion"  of p a r t i c l e s  across  t h e  magnetic f i e l d .  

The o s c i l l a t i o n s  "occupy" but  a s m a l l  r eg ion  of t h e  v e l o c i t y  space  

( c / (Te /m)1 /2cJa  ) . 
e l e c t r o n s  can be  broken down i n t o  two groups: 

r e t a rded  by t h e  i o n i c  o s c i l l a t i o n s ,  and t h e  non-resonance e l e c t r o n s  

r e t a rded  i n  c o l l i d i n g  wi th  n e u t r a l  p a r t i c l e s .  

containsdM/m as many e l e c t r o n s ,  t h e  e f f e c t  of t h e  a d d i t i o n a l  "col lec-  

tive" r e s i s t a n c e  i n  t h i s  case i s  s m a l l .  

2. / 4 7 4  

From the s t andpo in t  of e lectr ic  cu r ren t  f low t h e  

t h e  resonance e l e c t r o n s  

S ince  t h e  second group 
- 

6. E f f e c t  of Cyclotron Waves on t h e  Li fe t ime of 
P a r t i c l e s  i n  a Trap With Magnetic Mirrors  

The appearance of i n s t a b i l i t y  and n o i s e s  i n  t r a p s  wi th  magnetic m i r r o r s  1 

may be  due t o  t h e  an iso t ropy  of t h e  par t ic le  d i s t r i b u t i o n  func t ion  i n  t h e  velo-  

c i t y  space.  This  an iso t ropy  can b e  the  r e s u l t  of t h e  corresponding i n j e c t i o n  

o r  h e a t i n g  of t h e  plasma, bu t  i t  can a l s o  b e  inhe ren t  i n  t h e  method of confine- 

lFrom now on, w e  assume i n  a l l  cases  t h a t  t h e  magnetohydrodynamic i n s t a b i -  
l i t y  of such systems has  been el iminated by appropr i a t e  s t a b i l i z i n g  measures. 
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ment: as t h e  p a r t i c l e s  approach t h e i r  t u rn ing  p o i n t s ,  t h e i r  l o n g i t u d i n a l  ener- 

gy is completely transformed i n t o  t r a s v e r s e  energy. 

A s  w e  know, such an iso t ropy  r e s u l t s  i n  t h e  bui ldup i n  t h e  plasma of a 

c i r c u l a r l y  po la r i zed  e lec t romagnet ic  wave [3 ] .  The phase v e l o c i t y  of t h e  wave 

is  h igh  (on t h e  o rde r  of t h e  Alfv6n v e l o c i t y ) .  Hence, i n  o rde r  f o r  t h e  v e l o c i t y  

d i s t r i b u t i o n  of t h e  p a r t i c l e s  t o  contain resonance p a r t i c l e s  f o r  which t h e  wave 

frequency is equal  t o  t h e  Larmor frequency by v i r t u e  of t h e  Doppler e f f e c t ,  i t  

i s  necessary  t h a t  , 4- 

s i n c e  u/k, ,wK > JT/M, t h i s  i s  poss ib l e  only when t h e  minus s i g n  i s  chosen. 

This  s i g n  corresponds t o  a wave c i r c u l a r l y  po la r i zed  i n  t h e  d i r e c t i o n  of p a r t i -  

cle r o t a t i o n .  

~ L e t  u s  cons ider  t h e  mean e f f e c t  of such a wave on p a r t i c l e  motion i n  a 

s p a t i a l l y  homogeneous plasma. For s i m p l i c i t y ,  w e  l i m i t  ourse lves  t o  t h e  case 

of pu re ly  l o n g i t u d i n a l  propagat ion.  Under t h e  a c t i o n  of t h e  r o t a t i n g  e l e c t r i c  

and magnetic 

(53) i o  
a $I,==-- kR-== tlx-iiNr 

-. 

f i e l d s  of t he  wave w i t h  t h e  wave number k, t h e  change i n  t h e  p a r t i c l e  d i s t r i b u -  , 

t i o n  func t ion  f k  i n  a s p a t i a l l y  homogeneous plasma is equal  t o  

where f o  is t h e  func t ion  of p a r t i c l e  d i s t r i b u t i o n  by v e l o c i t i e s  averaged over  
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many o s c i l l a t i o n s ,  vII ,  vL, and @ are the  c y l i n d r i c a l  coord ina tes  i n  t h e  velo-  

c i t y  space,  ea and ma are t h e  charge and m a s s  of t h e  p a r t i c l e s .  

The equat ion  f o r  t h e  func t ion  f o  is obta ined  by averaging t h e  Boltzmann 

equat ion  over  s m a l l  o s c i l l a t i o n s  t o  y i e l d  

This  l e a d s  t o  t h e  equat ion  

where 

and t h e  fol lowing r e l a t i o n s h i p  exists between v I ~  and wk: 

Thus, t h e  a c t i o n  of t h e  waves alters both t h e  l o n g i t u d i n a l  and t r a n s v e r s e  velo- 

c i t i es  of t h e  p a r t i c l e s ,  i .e.,  t h e  magnetic moment va = mav12/2H. 

(55) h a s  t h e  form of t h e  Fokker-Planck equat ion  i n  t h e  v e l o c i t y  space.  

r e s u l t  of "d i f fus ion"  t h e  d i s t r i b u t i o n  func t ion  is smoothed along t h e  l i n e s  

Equation 

A s  a 

U l ' k  q,----- = conet. 
f W H o  

Since w e  are cons ider ing  small-amplitude waves f o r  which energy t r a n s f e r  from 

one F o u r i e r  harmonic t o  another  is neg l ig ib ly  s m a l l  as compared wi th  t h e  f l u x  

of energy from t h e  p a r t i c l e s ,  t h e  change i n  t h e  wave energy o r  i n  t h e  "coeff i -  

c i e n t  of d i f fus ion ' '  DH propor t iona l  t o  i t  is  determined as i n  t h e  o rd ina ry  
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l i n e a r  theory:  

where y E Imok can i n  t u r n  be  found from t h e  d i s p e r s i o n  equat ion  f o r  s m a l l  os- 

c i l l a t i o n s  : 

Here 

The i n s t a b i l i t y  j u s t  descr ibed  develops much more r a p i d l y  on the  e l e c t r o n  

branch of o s c i l l a t i o n s .  The e l e c t r o n s  are confined by t h e  space charge of t h e  

i o n s ,  however. 

escape of ions .  

Hence, plasma escape is i n  t h e  f i n a l  a n a l y s i s  determined by t h e  

I f  t h e  wavelength i s  cons iderably  smaller than  t h e  system d i -  
~ 

mensions kL >> 1, then  t h e  change i n  wave energy can be computed us ing  an 

approximation borrowed from t h e  f i e l d  of geometric o p t i c s .  I n  t h i s  case the 

change i n  t h e  s p e c t r a l  d e n s i t y  Ek of t h e  o s c i l l a t i o n s  a t  a given p o i n t  is  de- 

termined by t h e  equat ion  

where Jk(z) is  t h e  power of thermal noise  sources  f o r  t h e  given harmonic k as 

determined from Kirchhoff ' s  l a w .  The t h i r d  term i n  t h e  l e f t  s i d e  of ( 5 8 )  can 

g e n e r a l l y  be  neglec ted .  W e  thus  have t h e  fol lowing equat ion  f o r  t h e  change i n  

t h e  c o e f f i c i e n t  of d i f f u s i o n  i n  space: 
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(DH 

f i e l d )  . 
is  expressed i n  terms of t h e  equi l ibr ium f l u c t u a t i o n s  of t h e  electric 

0 

I n  t h e  same approximation kL >> 1 the d i f f u s i o n  of t h e  p a r t i c l e s  under t h e  

a c t i o n  of waves is  descr ibed  by equat ion (55). I f  t h e  f i e l d  varies weakly f o r  

dimensions on t h e  o rde r  of those  o f  t he  i o n i c  o r b i t ,  then  t h e  d r i f t  approxima- 

t i o n  y i e l d s  t h e  fol lowing express ion  f o r  t h e  mean d i s t r i b u t i o n  func t ion  fo :  

I n  p r i n c i p l e ,  equat ions (57) ,  (59) ,  and ( 6 0 )  permit  complete s o l u t i o n  of t h e  

problem of t h e  "anomalous" escape of par t ic les  from a t r a p .  

l i m i t  ou r se lves  t o  computing t h e  c o e f f i c i e n t  of d i f f u s i o n  DH and t h e  p a r t i c l e  

escape t i m e .  

W e ,  however, w i l l  

I n  t h e  absence of p a r t i c l e  escape,  t h e  func t ion  of par t ic le  d i s t r i b u t i o n  

by v e l o c i t i e s  i n  a f i e l d  vary ing  up t o  t h e  magnitude Hm i n  t h e  "mirror" i s  

given by t h e  expression 

1 x > o  
( 0  x < o  

a(x) = 

where fm(v,, , vL) is  t h e  Maxwellian d i s t r i b u t i o n  func t ion .  

pose t h a t  t h i s  func t ion  is i s o t r o p i c .  

Fu r the r ,  l e t  us  sup- 

With such a d i s t r i b u t i o n  (wi th  a n  un- 

f i l l e d  cone of escaped p a r t i c l e s ) ,  equat ion (57) imp l i e s  that  

and 
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I n  t h e s e  express ions  vIi  = ( w  - w~.)/k, i .e.,  t h e  v e l o c i t y  of t h e  p a r t i c l e s  i n  

resonance wi th  a wave having t h e  given wave v e c t o r  k. The d i r e c t i o n  of t h e  z- 

1 

a x i s  is s o  chosen t h a t  t h e  magnetic f i e l d  i n c r e a s e s  as z - t  w .  Expression (63) 

i n d i c a t e s  t h a t  t h e  r i s i n g  wave pene t r a t e s  from t h e  mi r ro r  i n t o  t h e  i n t e r i o r  of 

t h e  t r a p .  

As a r e s u l t  of wave bui ldup ,  t h e  c o e f f i c i e n t  of d i f f u s i o n  % likewise in-  

c r eases  wi th  d i s t a n c e  from t h e  mir ror :  

2 
The q u a n t i t y  @ = {[y(z)/vJI]dz i s  maximum f o r  waves f o r  which 

The c o e f f i c i e n t  of d i f f u s i o n  thus t u r n s  ou t  t o  be equal  t o  

i n  o rde r  of magnitude. 

r o t a t i o n  of t h e  ion.  S ince  t h e  d i f f u s i o n  a s soc ia t ed  w i t h  thermal  o s c i l l a t i o n s  

is c l o s e  t o  t h e  d i f f u s i o n  due t o  p a i r  c o l l i s i o n s ,  t h e  q u a n t i t y  L/rniB4/3 s e rves  

as a rough approximation of t h e  reduct ion of p a r t i c l e  l i f e t i m e s  i n  t h e  t r a p .  

r A i  i n  t h e  l a t t e r  express ion  is  t h e  r ad ius  of Larmor 

I n  e x i s t i n g  t r a p s  t h i s  q u a n t i t y  is  very  s m a l l ,  s i n c e  t h e i r  B N - 

and z n i w l  - 0.1L. 

The q u a n t i t y  6 ~ ( r n ~ / L ) ~ / ~  gives t h e  c r i t i c a l  va lue  of B above which ano- 

malous escape occurs  even i n  mirror-equipped t raps  s t a b i l i z e d  a g a i n s t  magneto- 

hydrodynamic i n s t a b i l i t y .  

C 
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We n o t e  t h a t  any i n c r e a s e  i n  t h e  degree of an i so t ropy  of t h e  d i s t r i b u t i o n  

func t ion  r e s u l t i n g  from i n j e c t i o n  o r  magnetic compression inc reases  t h e  d i f f u -  

s i o n  w e  have been descr ib ing .  

7. Conclusion 

The q u a s i l i n e a r  approximation i s  a u s e f u l  method of desc r lb ing  weakly non- 

l i n e a r  processes  i n  plasmas. F u l l  d e s c r i p t i o n  of t h e  s t eady- s t a t e  of a plasma 

s i t u a t e d  i n  e x t e r n a l  f i e l d s  o r  of  t h e  r e l a x a t i o n  process  i n  an uns t ab le  plasma, 

i n  a d d i t i o n  t o  cons idera t ion  of t h e  r eac t ion  e f f e c t  of o s c i l l a t i o n s  on t h e  par- 

t i c l e  d i s t r i b u t i o n ,  a l s o  r e q u i r e s  knowledge of t h e  s p e c i f i c  d i s s i p a t i o n  pro- 

cesses (e.g.  , of t h e  " t r a j e c t o r y  i n t e r s e c t i o n "  type ) ,  as w e l l  as t h e  l a w s  of 

d i s i n t e g r a t i o n  of t h e  spectrum of plasma o s c i l l a t i o n s .  

t h e s e  processes  have been s t u d i e d  only €o r  c e r t a i n  s p e c i a l  and s imple models of 

A t  t h e  p re sen t  t i m e  

- t h e  one-dimensional Langmuir e l e c t r o n  o s c i l l a t i o n  type.  S u b s t a n t i a l  p rogress  ~ 

i n  t h i s  f i e l d  is  apparent ly  a t t a i n a b l e  by way of "computer experiments' ' .  
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